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Abstract-The piom:cring contributions toward invariant or path-independent integrals of math
ematical physics. from the first work by Maxwell in 1873 up to the papers by Brust 1'1 al. in 1\l1'!6.
are referred to in chronological order. including some brief comments and taking into al:count the
prk,rity question.

It may be appropriate to provide a brief reference to the basic original works on invariant
or path-independent integrals in chronological order.

It was Maxwell (1873) who first introduced path-independent integrals into his
electromagnetic field theory. while determining the forces of non-electromagnetic nature
acting on carriers of electric charges or magnetic vortices. However. for the case of a point
charge, the path-independent integrals appeared to be divergent (divergency paradox). To
overcome this dilliculty an artificial physical procedure based on the concept of interaction
energy was invented. This procedure treated in all handbooks on physics is. in no way.
connected with Maxwell's path-independent integrals.t

Eshelhy (ItJ51) mmlifed Maxwell's approach as applied to static linear or nonlinear
elasticity tlll:ory and derived the corresponding path-independent integrals whid1 appeared
divergent on cr.tcks. dislocations and m.IllY other singularities. Sanders (I %() gave a new
mathematical formulation of the Grillith· Irwin criterion for cr.lck extension in linearly
elastic solids in the shape of his own path-independent integral and illustrated it on two
known examples. From the energy conservation law 10c'll approach. Cherepanov (1967.
196X) derived the main invariant integral. while ealcul'lting the energy Ilow into the tip
of a moving crack in arbitrary solids with account of any volume and inertia forces. In
the particular case of e1astostatics, it coincides with the corresponding Eshelby path
independent integral. The work of Cherepanov (1967) firstly advancl.:d .IS well the solution to
crack problems in power-law-hardening solids which was later called the "H RR-approach".
(Even the c1assieallrwin's formula of linear fracture mechanics was strictly derived by the
help of invariant integrallirstly in the same papers (Cherepanov, 1967, 1968).)

Rice (I96Xa, b) initiated and provided the primary contribution toward the application
of path-independent Eshclby integrals to crack problems in nonlinearly clastic or equivalent
c1astic~plastic solids. Atkinson and Eshclby (1968), independently of the paper of Chere
panov (1968). calculated the amount of energy now into the tip of a moving crack in a
dynamic clastic case. Gunther (1962) and Knowles and Sternberg (1972) were the first
who paid altention to the connection between the Noether's theorem and inv~lriant integr.ils.
Utilizing this theorem they derived .1 new path-independent integral in c1astostatics. The
geneml criterion for fracture advanced in the papers by Cherepanov (ItJ67, 1968) was
developed bter by Landes and Begley (1972). with application to nonlinear clastic or
equivalent c1astic-pbstic fracture. and by Atkinson and Williams (1973). with applic'ltion
to visco-clastic fracture. A comprehensive evaluation of the work before 1972 was given by
Williams (1974).

The main crack-tip parameter for the problem ofcrack propagation is represented, for

t The issue conl:crned with solving the divergency paradox and which includes the eX.lct definition of r
integration and r-residue is discusSt.-d in detail by Cherepanov in the section entitlL-d "Computation of invariant
integrals at singularities" in the Rus.sian volume entitled Computational M('chanics of Fractllre. !\.fIR Publish<:rs.
Moscow. To be published in 1990.
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the first time. as the invariant integral in Cherepanov (1967, eqn (1.15» in the form:

r=i,[(W+T-H)nl-I,u,.I»)dS, (i= 1.2). ( I )

Here. W is the strain work per unit volume, T is the kinetic energy per unit volume, H is
the work of external volume forces per unit volume. I, = si/n} are tractions (5,/ are stresses).
ti, are displacements. fl, are the components of outer unit vector normal to Sr.. and SI: is a
small contour enclosing the crack-tip and moving together with it. The contour S, is assumed
to be located in "superfine structure" of the crack-tip where the steady state holds. i.e. the
stress and strain field is self-similar and independent of time in the moving coordinate
system.t This expression is valid for the case of dynamic crack propagation in a dynamically
loaded body with arbitrary inelastic properties such as elastic-plastic and/or visco-plastic.
The validity is also discussed in Cherepanov (1968). and many applications of this concept
are contained in the books by Cherepanov (1979. 1983. 1987).

[n the particular case of quasi-static elastic bodies. when T = 0, H = 0 and W = U.
where U is the elastic potential per unit volume. the r integral (I) is reduced to the J integral
introduced by Eshelby (1951) and applied, for the first time. by Rice (1968a. b) to the
calculations. Later Landes and Begley (1972) and other western researchers used the J
integr.1I as the crack-tip parameter. This parameter appeared fruitful in predicting crack
initiation and small amounts of the crack growth in metals.

After the work Cherepanov (1967) completed, it became plausible that the r parameter
(I) is the unique universal crack-tip parameter for any loading history and for arbitrary
materials. To utilize this parameter. however. it is necessary to overcome expcrimental
dilliculties, as well as the ditliculty in the computation of the r parameter I~lr a moving
crack-tip using the wmbilH:d experimcntal/numerical stress-strain analysis (Cherepanov.
1979). Recently, these barricrs were successfully overcome in the papers by Atluri (19~2),

Nishioka and Atluri (19~J. IlJH4). Atluri ('I al. (1984a, b), Brust ('I al. (19~5, 19H6) and
Brust and Atluri (19H6). 1n thesc papers, the r parameter (I) is redesignated as the T'"
integral without citation ufthe original work in Cherepanov (1967). In spite of this oversight,
it is .1 pleasure to see the outstanding success of this approach. A great advancement in
fractun: science h.ls wken place since IlJ67!

The original. simplest idea, that r = r c = a material constant independent of time and
loading path, has been experimentally verified and found valid for the prediction of both
small and large .lmounts of crack growth in metals by creep and by complex loading paths
of the clastic-plastic behavior. These arc brilliant experimental/numeric.1I achievements by
Brust. Nishioka, Atluri, McGowan and Nakagaki!

../ckllOlded!l,·""'1II -I th'lnkfully acknowledge v'lhl'I!>le advice from Professor George Herrmann. I would also
like to express my gratitude to Professor Charles Steele for his skilful euiting of my clumsy originaltexl.
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